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1. Introduction 

Integrals of the exponential integral occur in a wide variety of applications. Examples of 
applications can be cited from diffusion theory [12], * transport problems [12], the study of the 
radiative equilibrium of stellar atmospheres [9] , and in the evaluation of exchange integrals 
occurring in quantum mechanics [11]. This paper is an attempt to give an up-to-date exhaustive 
tabulation of such integrals. 

All formulas for indefinite integrals in section 4 were derived from integration by parts and 
checked by differentiation of the resulting expressions. The formulas given in [1, 4, 5, 6, 7, 10, 
14, and 15] have all been checked and included, with the omission of trivial duplications. Additional 
formulas were obtained either from the various integral representations, from the hypergeometric 
series for the exponential integrals, from multiple integrals involving elementary functions, from 
the existing literature [2, 3, 12, and 13], or by specialization of parameters of integrals over con- 
fluent hypergeometric functions [4] and [6]. 

Throughout this paper, we have adhered to the notations used in the NBS Handbook [8] and 
we have also assumed the reader's familiarity with the properties of the exponential integral. In 
addition, the reader should also attend to the following conventions: 

(i) The integration constants have been omitted for the indefinite integrals; 
(ii) the parameters a, b, and c are real and positive except where otherwise stated; 

(hi) unless otherwise specified, the parameters n and k represent the integers 0, 1, 2 . . ., 
whereas the parameters p, q, and fi and v may be nonintegral; 

(iv) the integration symbol -f- denotes a Cauchy principal value; 
(v) x, y, and t represent real variables. 

2. Glossary of Functions and Notations 

ber (x), bei (x) Thomson functions 

Bx(p, q) Incomplete beta function \ t p ~ 1 (l — t) Q ~ 1 dt 

Jo 



Ci(x) Cosine integral 

e n (x) Truncated exponential 



_ r°° cos t 

)x t 
n r m 
2j m\ 



dt 
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E\(x) Exponential integral 

Ei{x) Exponential integral 

erf (x) Error function 

erfc (x) Error function 

\F\(a\ b; x) Confluent hypergeometric function 

zFiia, b; c; x) Hypergeometric function 

pF Q Generalized hypergeometric function 

Hp(x) Struve function 

I p (x) Bessel function |of imaginary argument 

J p (x) Bessel function 

K p (x) Bessel function of imaginary argument 

li(x) Logarithmic integral 

L 2 (x) Euler's dilogarithm 

L n (x) Laguerre polynomial 

M p>q (x) Whittaker function 

I J Binomial coefficient 

P£(x) Associated Legendre function of the first kind 

(p) n Pochhammer's symbol 

si(x) Sine integral 

sgnx Sign of the real number 

W p , q (x) Whittaker function 

Y p (x) Neumann function 

y Euler's constant 

y(a, x) Incomplete gamma function 

T(a,x) Incomplete gamma function 

T(a) Gamma function 

£(p) Riemann zeta function 



Jx t 
J-x t 
ttJo 



V 

2 



TTJX 



-< 2 dt 



e-"dt 



Vit 

•& (ah j£_ 

^ {a) n (b)„ x«_ 

h (tin '»! 



f* dt 

4- : — ,X> 1 
Jo Int 

f* In (1-t) 

Jo t 

e x d n , 



dt 



ml 



nl(m-n) ! 

r( P +n) 
ro») 

0.57721 56649 
J e-H a - l dt 



i: 



e-H a - l dt 



e-H a - l dt 



30 

2 7m+lV 
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$(x,p,q) V . *' ... 

•Mp) Psi function — InTfp) 

dp 
\jj(a;b;x) Confluent hypergeometric function. 

3. Definition, Special Values, and Integral Representations 





3.1. Definition and Other Notations 


Too p-t 

1. £,(*) = dt 

J x t 


x>0 


foe p-t 

2.Ei(x)=-f —dt 

J -x t 




= 1" e -dt 


x>0. 



3. Some authors use [—Ei(—x)~\ for Ei(x). 

4. Some authors use£*(x) or£7(x^ for Ei(x). 

5. Integrals involving /i(x) can be transformed into integrals over Ei(x) since 

f x dt 
li(x)=f - — = Ei(\nx) x > 1. 
Jo ln£ 

3.2. Special Values 

1. Ei (0.372507 . . .)=0. 

2. Ei(x)=Ei(x) atx = 0.523823 .... 

3. Lim|V%(x)]=Lim (x?Ei(x))=0 p > 0. 

x-+0 *-+0 

4. Lim [lnx + E 1 (x))=-y. 

5. Lim [xvE l (x)]=Lim [In xEi(x)] =0. 

6. Lim [e-*£i(s)]=0. 

7. Inflection point of Ei(x) at # = 1. 

3.3. Integral Representations 



1. Fi(*)=-y-ln* + (* (l-e-')j 

2. Fi(*) = — y — e-*ln* — i e-'ln * dt 

Jo 

3. £i(*)=z j e-^ln* dt 

Jo (x — In 



f* 3 1 
Jj (x-hln * 



_dt 

t)t 2 

193 



6. Ei(x 

7. Ei(x 

8. E l (x 

9. Ei(x 

10. £i(* 

11. £•,(% 

12. &(* 

13. Ei(x 

14. £i(* 

15. £i(x 

16. Ei(x 

17. £i(* 
18..£i(* 
19. Ei(x 
20 



=e ~) JiTt 



t) 



dt 



* Jo (* + 2 

" % |_ Jo (1-lnO 2 



t 



-dt 
(k 

f2 



Jo \ *, 
= i|; s inHn(l + g 

= 2e"* | K (2 V^)e"^ 
Jo 

Too 1 

= «r* t r-ze- lt dt 

Jo (£ — i*) 

roc 
= exp (—xe f )dt 
Jo 

-«.r * 

Jo (x + ln « 

= -1"°° l d 

e J, (*-lnt) t : 

Jo (1-0 

f" / 6 "' dt + 1 

Jo d + ln 

Jo (t + ix) 
. [£ 1 (x)] 2 = 2 e -J i jj-^jlntdt- 

C oo p—Xt 

21. £ 1 (ax)£ 1 (6jc)+£i[(a + 6)^]ln (a&) = <r<«+ 6 >* J (a + fc + g) ln [{a + t)(b + t)] 

22. e-*ffi(*)+e*gi(*)=2 | °° , * 2 . sintrf* 

Jo (t 2 + x 2 ) 

23. e-^iU)^^^!^) ^e^ln* , * 2 , cos tlntdt 

77 Jo (r + % 2 ) 

24. e- x Ei(*)-e*£i(s)=-2 | tt^—^T cos tdt 

Jo U 2 + x 2 ) 

25. e-^£i(x)-e- r £'i(x) =2e~ x \nx-- \ , * ,, sin tin *d* 

7TJo U ~r# ; 









t) 2 
dt 



dt+1 



dt 
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4. Integrals of the Exponential Integral With Other Functions 
4.1. Combination of Exponential Integral With Powers 

1. I Ei(ax)dx = xEi(ax) e~ ax 

2. J Ei(ax)dx = xEi(ax)--e ax 

C™ 1 

3. E l {ax)dx = - 
Jo a 

f 1 1 

4. xEi(ax)dx = - x 2 E\(ax) — — (l + ax)e~ a,r 

Too i 

f x n+1 n\ 1 

6. x w £i(a:x:)cfa = z . 1 . E x (ax) — , ' 1 : —7 e n (ax)e- ax 
J (n-r 1) (n-f 1) a n+1 

f M n* r n-m / h\ m+l 

7. *^a* + &)d* = £i(a* + &) V (-l) w , ,. : , ... * + - 
J «To (n-m)! (m-f 1)! \ a/ 

n n ? 1 y-n-m m 



8.|%»£ 1 (a*) < &= T ^ ir ^ I 

9. ("%»£, (ax+6)tfr= . J-tt •^ rT [(-l)" +1 fc" +1 £ 1 (6)+Y ( -l) m 6 m (n-m)/e- ( '] 
Jo ln+ij a ^ 

10. i"£,(jc-y)^ = e- (fl -^ V , TTn y w ~ m e m (a-y) 



r n-m 



-E 1 (a-y) X (") T^T 

m=0 V " l/ 



(w+1) 



i2./V^|y-*l)&-2 | (3(^[i + (-i)-]y- 

-^- a, | o (;)^TT)(-D'"r-e m (y-a) 

13. f%»E 1 (|y-^|)^=2(")-^ T r[l + (-l)'»]y"-'« 
Jo ,^ v»/ v/n-r i; 
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'■/ 



x p+l 1 1 

14. I %PEi(ax)dx= , — r Ei(ax)+ -, — -r- p+1 y(p+ 1, ax) p> — 1 



15. |%^ I (ax)A = -^ T y^ T r(p + l) 



p>-l 
p>-l 



16. f'°xPE 1 (x + b)dx = r(p + l)e- b lhPl 2 W^ l)+2) i 2 ,^ l)+m (b) 
Jo 

17. f £,(a*) — = f e-<«ln* — + lnx£,(ax) 
J x J x 

18. f" Ei(ax) v = ?[(r+ 1" a6) 2 +a2)] + £ -^^ 

19. f X £ 1 (x + 6)-=|[£ 1 (ft)] 2 

Jb XL 

20. r°°^ 1 (^)^ = i[(l + a6)^ 1 (a6)-e-« ft ] 
J& x- b 

21. f £i(a*-f 6) ^ = y [ae-^(a^) -- (a* + &)£!(a*+ 6)] 
J or b x 

22. | ft(a , ); ^— --^[-ijft^+Je-^ 

23./; gl (ax)g i = (ra+1)(fi 1 +1)!6 „ +1 [{(, + l)! + (-l)^)^} £ , (a& ) 
-e- ab ^ (n-m) ! (-a&) m ] 

m=0 

2,.JEAax + b )^ = - J ^{J ri + (-iy(f) n y i (ax + b) 

(-l)n / a \n+l 



( _ 1)B / g y + , _^ 

(n+l)W ^m! 



2 (»-*-!)! (-a*) 1 



Ijft^+je^g 



p>l 



25. Jft(«) f=-7J=l) 

26. £ 1 (ax)^ T = ^---^-£ 1 (a6) + (-l)" 7 ^— - r , f w r(l-p, afr) 

Jb x n+p+i ^_(_pj £n+p (Ai + p) 1 (ri-hp+1) 



-ab n 



l^ p -)-l^-r(n+ P+ i)Z { - ab)mTin - m+p 



) 0<p<l 



J. f%{ 

Jo 



27. | Ei(ax 2 )dx 
28 



. f °°*P(* + a)-P- 2 £i(6*)<fr = - ■ -p= • Y ( {P 2^ e ttm W-(» + m)Aab) p>-\ 

Jo a Vab \P< 1 ) 

29. J" (x + a)- 2 E l (bx)dx = -e ab E 1 (ab) 
Jo a 
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30. J %"(% + «)" J 1 



2x 



= ^=- r /- P . + ,V e" / '^ r i/»-P.-i(a) P>-1 



o(p + l)J " lw "* V^ (P + D 

31. f"#(*+o)»(l+j]ft(x) dx=aP- 1 >* J^TjJ e " /2r '/ 2 ' -p-'(°) P >_1 

32. | ,C ^U + a)-P- 2 £' 1 (x + a)^ = a- 3 / 2 r(p + l)e- a / 2 r_(, ;+ ,/ 2 ,,o(a) p>-l 
Jo 

4.2. Combination of Exponential Integral With Exponentials and Powers 

1. f e- ax £'i(6^)& = i [£,{(a + 6)x}-e-«£,(M] 

2. J e a - r £ , ,(6a;)^ = -- [£i{(6-a)*} -e"^**:)] & > a 

3. J" e"«£i(6x)<ix=-lii(l + |-) 

4./; e ^,(6*)^4ln(l-f) 

5. I e ax E l (ax)dx = - [y + ln (ac) -he nc £i(ac)] 



6>a 



>•/: 
^ 



6. e ax E 1 (bx)dx = - 



E 1 {(a-b)c}-e nc E l {bc)-^\n (~1 



a>6 
a>6 
a> b 



7. f e- (lx Ei(bx)dx = -- [Ei{(a-.b)x] +e~ ax Ei{bx)] 

J a 

8. f" e-™Ei(bx)dx = -^ In (|- l) 

f c 1 

9. e- (lx Ei(ax)dx = - [y + ln (ac) -e- ac £*(ac)] 
Jo a 

10. j *e- fl *£i(6*)<fo=-^ £,{(a + 6)jc}-(H-ajc)c- ajp ^i(6«)+(^^) e~< a 

11. r^e-^£ , i(6^)^=^ ln/l+7) ^r 

Jo a L V 6/ a + 0_ 

f c 1 

12. xe ax E l (ax)dx = — 9 [ac- y- In (ac) - (1 -ac)e ac £i(ac)] 
Jo a 



1 / 1 



13. *e cx £i(ax + 6)cZx = - * — e CJ? £i(a*; + 6) 7 r 

c \ c) c(a — c) 



-{((i-c)x + b} 



ac z 



(a — c) (ax + b) 



a> c 



14. \ xe" x E l (ax + b)dx==-(x--) e^E^ax + b) +- {*■-- (1 + 6) In (a^ + a)| e" 

i 5 .f; 

Jo 



xe- ax Ei(bx)dx = -— 2 



-■h-a 



a>b 
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a>b 



16. [ x n e- ax E l (bx)dx = ~ i E,{{a+b)x} — ^ e„(ax)e- ax E 1 (bx) 

17. /J ^r- A(fa ) A- Jjj [ ln (, + g) - J 1 (_£_)-] 

18. /J ^r-IKfc)*-^ [in (|- l) - J 1 (^) m ] 

19. / *r-g l( fa) dx= ^ y( p + 1, ««)*(&,) -^ | ?% m + + m \ g> (y) m 

P>-1 

20./%, e -^ l(M ^ = ^. T - T ^ 2Fl ( 1 , p+ l; p + 2 ;^) 
_ r(p + l) „ , 4.1 m 

- aP+ i B„n a+b )(p+l, 0) 

= r(p + l)^ 1 (_a_y 
( a+b )p + iZ oP+m +i\ a +b) p 

21. j\pe a *E 1 (bx)dx = ^^ ■ -^ 2 F 1 (p+l,p + l;p + 2;f) b>a, P >-l 

22. \~ xf>e ax E 1 {ax)dx = — . T , ^J", 1 * -Kp<0 
Jo sm (ptt) aP +i ^ 

23. \ C °xPe- ax Ei(ax)dx = -TT cot (pTr) ^J^ - 1< p < 
Jo a p+ 

24. f 5 °^- 1 e- r £' 1 (a; + a)A = r(p)r(l-p)e-'" 2 a<P- 1 >' 2 r(p- 1 ) / 2, P /2(a) <p < 1 

25. f" e- a *{£,(e-*)-£ 1 (6)}<k=4y(a,6) 6 < 1 

J-lnO " 

26. f°° x- 1 l 2 e- ax Ei(bx)dx=2yl^ln (Vf+>/^T^) 

27. [" x-^e ax E l (bx)dx = 2 \/f sin_1 (vf) 6 * a 

28. J e- ax E x {bx) ^ = - f e -»*£i(a*) y-£,(a«)£i(ft*) 

f 30 dx 1 

29. e-«£,(6x) — =[y + ln ac + E l {ac)]E l {bc)+- [£(2) + (y+ln 6c) 2 ] 

30. J tr**Ei(ax) ^ = ~\ [E>(ax)Y 



1 'm^ 
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Too f] r fa/b rf r 

31. (l-e~ a ')E l (bx)—=\ ln(l+x) — 
Jo x Jo x 



= -L, 



- (-alh) m+l 

2j ( ™-L- 1\2 



(m+1) 2 



32. 



33. 



r* r e fljj 



e aj, £,(ax) e~ ax Ei(ax) 



+ b 



x — b 



dx = 



34. e ax e- ibx E l (ax)dx = 






7T 



(6 + m) 



sgn6 



35. e- ax e- ibx Ei(ax)dx = — — r sgn b 

(b — ia) 



b =£ a 

a>0 
a<0 



f fl (a-x)p-^-v^i(^)&-a- i / 2 r(p)r(i-p)r(i-p)r p _ 1/ 2,o(a) o< P <i 



37. I"" ««•£, (&«»)«&« Vf Sin "'( Vf ) 6 * " 

38. f" e-°W-W = - Ko(2Va~b) 
Jo \xj a 

39. I"" e- a * 2 E 1 (j£\dx=yJ? E t (2Va~b) 

40. f " e -°**£,(4) T = Y? e_2V ^ ~ 2VW, (2\faT) 

41. fV« 2 *V 2 /* 2 £,(^W = -^[cos (2ab)Ci(2ab) + sin (2ao)si(2a&)] 

42. f = °e-« 2 - r2 e ( ' 2 ^£ , 1 ^^ = -^V r [cos (2ab)si(2ab) -sin (2a6)C;(2a6)] 
Jo vr/ ar b 

43. I cosh (cu:)i?i(6:<;)ofct = — In (- 1 b >a 

Jo la \o — a) 

aa f" ■ u / vp,^^ * (alb) 2m+l 

44 I sinh(a " )£l(M T = M ? 72^TI) 2 

4.3. Combination of Exponential Integral With Trigonometric Functions 

1. I Ei(ax) sin (bx)dx = ^r In 1 1 4-— ^ I 

f 00 1 /*\ 

2. I Ei(ax) cos (fot)dx = - tan -1 I -I 
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b^ a 



f x sin (2nx) 

3. Ei(ax) : dx = 2 > 77: ;-T\" tan -1 

Jo smx £ n (2m+l) 



_1 

m=0 



2m+l 



l -J> 



(ax) 



sin [(2n+l)x] , 1 * 1 



sin x 



1 JL 1 /2m\ 

dx = - + \ —tan- 1 — 
a ^ m \ a J 



5. J sin (a V*) E l (x)dx = -^ erf (|)~- Vtt e~ a2/4 

6. I x _1/2 cos (avx) Ei(x)dx = — erf k 

f x r r(pH-l) / 3 a 2 \ 

7. ^ _1/2 sin (a Vi) E 1 (x)dx = a , -. r 2^2 (p+ 1, P+ 1; «, P + 2; — -j- 1 p > — 1 

8. J *p cos (aVx) Ei(x)dx= / ^\ 2F2 (p+ 1, p+ 1; <>, P + 2; -a 2 /4J 



p>-l 



(ax) sin bxe cx dx = 



(o 2 + c 2 



■c tan - 



a-f c 



10. |; £l ( a ,) sin (6,) e ^ = w l^[|l n p ff + * } + ctan -,(-l-) 

11. £t(a^) sin (bx)e~ cx dx = — , 9X — - In \- % \ + ct<m- l ( 

Jo (o 2 + c 2 ) L 2 t a J \c — aj_ 

12. f °° £x(a*) cos (foc)e- c *cfo= * - |~£ In f (a + c) ' + ^ 1+ 6 tan -i f-A_\ 
Jo (6 2 + c 2 ) L2 L a 2 J \a+c/_ 

13. f°°£i(a^) cos(fa)e c *<fc= , L9 l - f-| lnf ( Q ~ c ) 2 + 62 j + 6 tan -i (— LX\ a 
Jo (6 2 + c 2 ) [ 2 L « J \c — aj_ 



c^ a 



^ c 



— 6 tan" 






+ 6 2 



+ 6 tan 



3. I Ei(ax) cos 2 l-bx) e cx dx = — In II 



'(H«~*HH 1+ fWwc-) 



ln {i^±£ 



) 2 + 6 2 



6 tan - 



\a+cj 



U + J. 



4.4. Combination of Exponential Integral With Logarithms and Powers 

1. (\nxE 1 (bx)dx = h(l-\nx)e- bx -(l + bx-bx\nx)E l (bx)] 



l (bx)dx = —r(l + y+fob) 





2. yinxEti 

3. \ lnxEi(bx)dx = h(l--\nx)e bx + (l-bx + bxlnx)Ei(bx)] 
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4. J x In xEi( bx ) dx = -^r 2 { -5 ( 1 + 6*) - ( 1 + bx) In * - 1 Ye ~ bx 

5. I x\nxEi(bx)dx = — -^j: 2 l — --\-y-\-\nb\ 

l+ { {n _l lv {l-(n+l)lnx}^E 1 (b. 



bx 



J. I *Mn 



#2?i (bx)dx = 



-n! 

(rc+l)#* +1 



1 " 1 1 

71+ 1 £* /raj 



8. j x*>\nxE l (bx)dx= * A lnx- ^ \ [y(p+ 1, 6*) + (bx)^E x (bx)] 

2, (~/;x) w 



x^ 



p+l,£ m!(p + m+l) 



'•1, 



9. .r"lnx£,(/«)</x = 



-r(p+l) 1 



(p + 1) Z>" +1 



In 6 + 



P+1 



,>>-] 



V(l>+V 



,»-}. 



4.5. Combination of Exponential Integral With Logarithms, Exponentials, and Powers 



,./, 



• ln*£i {bx)dx=~[e- bx E l {ax)— + 1 



jc a 



y + ln{(a+fc)jc} + £i{(a+fc)4 






m Ira 



'm 2 



2./;.-ln^ 1 (fa) < fa--I[ln(l + f) {y+ In(a + a)} + (^)*(^,2,l 
3. I %- a *lnx£i(ax)<fc = -- ^- [£(2) + (y+ln a) In 4+ln 2 2] 

Jo Zfl 



'■/. 



4. jce-" ,r In xE\(bx)dx = - 



ln { l+ t)-M { y +]n{a+b) - l) 



a y I a 
a + b) \a + b* ' 



5 ./; rt -» ta » £l ( W& ,-^ i {, n ( 1+ l)-|i(-^)-} 



y+ln(a+6)-V- 



(« + 6)" +1 \a + 6 



-•(-4r,2,»+l 



6. 



I X ^e r/J ln 



x£\ (bx)dx 



_ r( P +i) 



{¥(p+l)- ln(a+6)}$ f-~ , 1, p+ 1 



*fe- 2 "->) 



p>-l. 
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4.6. Combination of Two Exponential Integrals 



1. (E l (ax)E l (bx)dx = xE 1 (ax)E l (bx)+(^+^)E l {(a + b)x} 



— e- ax E x {bx)-\e- b *E x (ax) 
a b 



2. FEi(ax)E 1 (bx)dx=(^ + j)ln (a + 6)-^ln b~\n a 

3. j Ex(ax)E i (bx)dx = xE l (ax)Ei(bx) +(~^Ei{(a-b)x] 



-- e- ax Ei(bx)--r e bx Ei(ax) 
a b 



a>b 



ij>.<«>*<«* -i[( 2 v i ) h ( !! r)-© h © 

5. f^(a*)£;(a:Od* = x£i(ax^^ 

6. £'i(a^)£'i(a^)rfjc = 
Jo 

f jc 2 l/l 1 \ 

7. rfi(ci)£i(k)A = T£iW£i(fa) + 2h+nUi{(« + *W 



- — ei(cw;)e- ajp £i(6^) -57; ei(fc*)e- 6 *£i(a*) 

_| _ „-{a+b)x 

^2ab e 



a>b 



8. I xEi(ax)Ei(bx)dx = - (-^+7i) In (a + 6) ——In 6 — —In a ~lT~i 
r x n+l n \ / i i \ 



n! 1 



a w+1 (ti+ 1) 
it! 1 



/3 W+1 * (n+1) 



e n (ax)"e~ ax Ei(bx) 
e n (bx)e~ bx Ei(ax) 



.1 



(n+l) e £ m(a + 6) 



2, e m -i{(a + /3)x} [a™ 4 



I" a m b m 1 



io. J%^(«) *(*.)*— -Sf- [-L. { ln (_A_) + 1 1 (_£_)' 

\a+6/ ^ ra \a+6/ 



+ - 



r( P +i) - (i/2)> 



„.|V [£ , W ].&-2-.^i»| 






202 



(p+1) ^V2 



. jEi(x)Ei(a-x)dx = 2(y-^ In a)e" a + 2(l -ay- a In a)E x {a) 



12 

"o 



■o«(2) + ( y +lna)»}-2a2 ^ 



13. I £' 1 (x)£,(x-a)A = e-"{ln2-e 2 ''/i,(2«)}+7«{[7+ln «] 2 -2£(2) } 

— a(y+ In a)Ei(a) —a In 2{J?i(o) + £7(a)} 

+£,(<*)■+« y b m [ .) 



m=l 



1 m 1 

where 62m= 2^ +2 S (2 „-i)' 

I m+1 J 

and 62M+1= (2m+l) +2 2 (^3iy 

14. (\-«>E i (£\E l (^)dx = 4 !a V^ : [(\ + b)E l (b)-e->>] 

15. | i X £ 1 (^ 1 (0 2 ) ^=2aV^[(l + 6)£,(t)-e- 6 ] 

16. c \E 1 (ax)E 1 (bx)e-"dx=^-L 2 (-—^—-)-lJ'--^—-) +ln« In b 

Jo 6 \« + 6 + c/ \a + b + c/ 

+ \n(a + c) ln( : 1 +ln(6 + c)ln I I 

-ln 2 (a+6 + c) 

17. (* e-*E i (x)E 1 (x)dx=' I £-2L 2 (^j + 2 In 2 In 3-ln 2 3 



= 1.228558 . . . 



18. I"* e*E,(x)E l (x)dx = ^ 
Jo 6 



19. ( X e 2x E l (x)E l (x)dx 



2 

12 



20. aj*e"*E 1 (x)E 1 {(a+l)x}dx = ^+±lrf 2 - L 2 (^j + In 2 In (^~j 



= g + |ln 2 d + a ) 



» (-1)™ /1-aV" 

21. a e 2 «-£ 1 {(«+l)*}£ 1 {(«+l)*W* = T^+2- L -4 L f- ^ 
Jo i^ ^, w \l-ha/ 

j*e-*E t (x) 



i(x)dx=-jz 
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} - «r 



e- ax E 1 (x)Ei{(a-l)x}dx = -^-l\n 2 (a-l)+\n(a+l) ln(a-l) 
Jo lz I 



(-l)m n- a 



m 2 \l + a 



-5_ 
4 



24. J°°e- 2 - r £i(jc)£'iU)^ = 

25. c 2 J" xE l (ax)E 1 (bx)e- c *dx=^-L 2 ( ,?, )-L 2 ( , ?, Win a In 6 

Jo 6 \a+b + c/ \a+b + c} 

- In 2 (a + b + c) + [ln(a + c) ~f-] ln( Q + ^ +C ) 



+ 



ln(b + c) 



b + c 



r 



+ b + c 



26. 



(™xe-*E 1 (x)E 1 (x)dx = ^-2L 2 (^\ + 2ln2 In3-ln 2 3-ln3 



^n+l roc 

27. — r * W J^ 

71 ! Jo 



= 0.129946 . . . 

77 2 / CI 

(ax)Ei(bx)e~ cx dx= z -p L 2 — r~r~7 

6 \a + b + c 



L 2 



a-\- b~\- c 
+ ln a ln6-ln 2 (a + 6 + c) 



+ a I[V_J [/ «+&+ 



6 + c 



t+6 + c 



28. ^- 1 / 2 e^ a2 e a262 « 4 ^£ 1 (^ i )£ 1 



«• 



4* 



I g?% = 



2aTT 3 l 2 e b E 1 (b) 



Jo 



a 2 6 2 



29. e ^/'' 2 e < ' 2 " 2 « 4 - r2 >£: 1 KJ£i(^-J^=a7r ! / 2 e 6 £' 1 (6) 

30. ( X E i (x)dx (" E 1 (y)e- a \ x -y\dv=-\n2-^ 7 -±:lrf (a+l) 
Jo Jo a ba l a* 

2 « (~l) m+1 /l-aV" 
a 2 ^ m 2 U+ J 

m=l x ' 

31. f" In x[E x (x)Y 1 dx = - [{(2) + 2(y + 1) ln2 + ln 2 2] 

32. P* In *£,(*)£! (*)efo = -| a2) + ln 2 2-y-2 + 2(y-l) In 2 

f°° re! 

33. I x n \n xE\{x)E\(x)dx = — -, — pn 
Jo (n+1) 



£(2) + ln 2 2-2y ^ ^+2(y + A) In 2-2B 

m=l 
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where 



1 n 1 

n + 1 ^ m 






n i r ] i » i 



34. 



f°a* lnjtEiOc)£i(*)rf* = ,.}? 



(p+1) 

X 

-2 



: TT" ln2 l 2 j 

w (m + p-hl) 2 J P 



I 



p+: 
>-i 



i< 2 m (m + p+l) 



35. E 1 (x)dx\ E 1 (y)E 1 (\x-y\)dy=41n2- 



3. E x (x)dx £"i 

Jo Jo 

36. f" E x (x)dx r E 1 (y)E l (x-y)dy=r E 1 (x)dx £° £i(y)£i(y-*)<*K=2 In 2-g 



.2 

12 



4.7. Combination of Exponential Integral With Bessel Functions 



L \*E X ( 

Jo 



1. I Ei(ax)Jo(bx)dx = - In 



/3+(a 2 + Aj 2 ) 1 / 2 



f 



2. | xE l (ax)J,(bx)dx = — [l-aia'+P)-"*] 



3. jVft(a*)./p-i(fo:)<i* = A ^V'(« 2 +6 2 )' ,/2 -" 



«/> \2 






.jr**»«.(-w^)*-iSS«^t±a x 



2 a 2 ^ 2 r(p-hl) ((?+l) 
3 



X 3 F 2 ^+l,g+l,^ + -; g + 2,p+l;-J^ p, g>-l 

5. (^ E 1 (alx)J,(bx)dx=- K (V2^b)Jo(V2^b) 
Jo b 

6. I £i(a, 



/*) Y 1 (bx)dx = -^Ko (V2ab) Y (V2ab) 



f x 1 /7T 

7. I Ei(x)h(bx)dx = T ly — cos 



>) 



0<6=s 1 



8. p ft (a/*) ft(6x)d*=|ft (e'^ 4 V2^6) ft (e- !V ' 4 V2^6) 

9. r~xE 1 (ax)I (bx)dx=-j 2 [l-a(a 2 -b 2 )- 112 ] a>b 
10. Pft(a.t)./o(/> V^) dx = ^ [l- e - ft2 /< 4 «>] 
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ii. r *»'*£, 



(ax)Ji(b vx) dx = j-^ 



■K) 



e -6 2 /(4a) 



12. (^ X Pl 2 E l (ax)J P (bVx) dx=(^T y(p+l, 

13. /J *-*&<«)/,<* V*) dx=\ [y+ln Q + E, Q 

14. £° x^-^E 1 (ax)J P {b Vx) dx= (^J fj^y ^ 



P>-1 



) a« +1 (g+l) 
x 2 F 2 ( 9 +l, 9 +l;P+l,9+2;-^) P,<?>-1 



15. J*" E 1 (ax)Y.(b Vx) dx = ^ 2 [y+ln Q- e -» 2 /<->£* Q] 

16. ["£,(0^/0(6^) « fe = ^ [e" 2/(4a) -l] 

17. f" x n l 2 Ei(ax)I„(b Vx) dx = (-l)" +1 /i! (|V + l-e„ (-|j e* 2 /< 4 «>] 

p 2/ r ^ _p " 



■2) 



X«F,(l,, + l,,+ l;§ t p + §,, + 2;-£) 



V4a/ 



19. £ 0»**Ei(ax)Mby/i) dx = - b T j^2 e" ma W-(P+m,Pl2 (j 

20. f" xe +1 >/Vtf,(x)y p (6 V*M% = ^ T (p + 1) e» 2 ' 8 X r_ (p+2) / 2 , p/2 (6 2 /4) 



9 >-i,p>-; 



Kp<- 



"2<P<2 



21. J~ xf+MetEtix) Y P (b Vx) A = -^^r(p + |)e* 2 /«X r_ (p+4)/2 , p/2 (6 2 /4) 



-2<P<-2 



22. I ~ e«£, ( ax )H (6Vx )<& = -<**«*»> erfc . 

a \2Va 



■J" 

Jo 

23./%-^-/^o(|a,)£ lW ^=(^) 1 Vx(|,|; 1; l-±) 



24. f X <r**/y (&x/2)E,(ax)dx = ^ln 
Jo o 



(a + 6)+V(a+6) 2 +a 2 " 
a(l + V2) 
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25.1 e ±6x ' 2 /o( — \E\(ax)dx = — ■= -= ; — a > b for upper sign 

Jo \2/ VaiVa + Va+b) 



26. JJW' 2 /,, @\ £,(*)<& = ^-^ T(l + 2p)r(^-p 



» + 2 



1 1 

- 2 <P<~ 2 



f- 7T->/V2V r(1 + 2p)r §- P ) 

27. J xV«"%(j t )£ 1 (ax)^ = ^ r (^j ^ 1. 

p + - 

x^(p4 2p+i;p+ l ;1 -!) «* 1 - \ <p< \ 

28./-«ff 1 [« { 6 + (6- + ^)^y.(«)A-SEiz^^0 

Jo (a-h Va 2 + c 2 )Va 2 + c 2 

29. f"ft(ax)/o(*v£) ln^cfe=~c-^ 4o >f«(|^Wlna-ln (£) 

8 f r //) 2 \ , . /6 2 \ 1 , 4 



- -Of 



-Ti ft 7- +ln «+ln t- +Ti On a-3y) 



6 2 I \4a/ \4a/ J i 2 



M i"** ( ^«<»^--<^)^-nx^fS^ 



r(x+i;-f i)r(x-i/+ i)(p-h x+i) 

x 4 F 4 (X + -|, X+l, X + p+1, 

X+p+1; X-i>+l, X + I/+1, 
2X4-1, X + p + 2;-a 2 ) \+p+l>0 



31. I Ei(x/a) ber (2V#)flfo = sin a 

Jo 

32. J £,(*/a)bei (2V^)^= (1-cos a) 

4.8. Combination of Exponential Integral With Other Special Functions 
L |;ft(a«) 1 r(p + l,te)A4-I^ 1 -|JV^^t(fi) * P>"1 

See 4.2.20 for Evaluation of this integral. 
2. f° Etiax^ip+l, bx) dx=lr(p+l) [l — (lH-f) 

+| le-H^Etiatlfydt p>-l 

Jo 

See 4.2.20 for Evaluation of this integral. 
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1 /fryn+p+z 



3. ^E 1 (ax)y(p+l,bx)e^dx=lT( P+ l) | (m + \ + 2) g) 



]r(p + l)g) P+2 4>g,l,p + 2) p>-l,«>6 



J— rcT /a — 6\ " _1 1 /6 
o ft(«)y(»+l, &*)«**** = — |ln (- r )+ g - (" 



a>6 



/: 



5. ^-^^-^^iFiCa^;^)^^^^)^^ 



r(p)r( P )r(i-a) 

6*r(p+l-a) 
X 2 Fi (p-a, p; p-a + 1; 1--) p > 0, a < 1 



6. J "xPiF i(2p + 1 - a; 2p+ 1; x)J 2p (2\ / bx)E l (x)dx 
Jo 

_r(2 P +i) 



7. xP-^e~ ax!2 M K , IJ .{ax)E i {bx)dx-- 



'• /; 



3. f°V<*- 

Jo 



6P- a e 6 r(a-2p,fc)y(a,6) p>--,a>-l 
a^ +1 / 2 r(p + /x+l) 

"^M + P+l (p + ^+1) 



1 



|H-K + /x,p + /x+l,p + /x+l;2iLLH-l,p-f-/x-l-2;-~J pH-/x> — 1 



i)x L n (px)E l (x)dx-- 



1 



(n+1) 



2Fi(l,n+l;n + 2; 1-p) 0<p<2 



r 

Jo 



(jc)£'i(a^:)c/x : 



1 



(n + 1) 



nn 



s[(6x)£' 1 (a*)^ = --tan- 1 f7 N )-^ r ln('l+^ 
a \o/ 2b \ a 1 



Jo 



11. a(^)£'i(^)^ = -i-(7r + 21n2) 

4a 



12 



. \\rnVrx)EAax)dx = Ul^\\l h J^^4 
Jo a\ 6/ 26 IVa + ft + Vft, 



<•/: 



erfc ( --=) E 1 (a i x)dx = \ (1 -a6)e-°» + 6 2 £: 1 (a6) 

2\V a 



*J>«.*^-i»-«>~«*(.-> 



>•/; 



15. I erfc (ax) Ei 



x 2 ) x 3 2b 2 
b 2 \dx 



X* / X 



= [£(2) + (y-hln2a6) 2 ]+2 J ( 



m\m L 



4.9. Miscellaneous Integrals 

1 . 1 ^ 6 m , , wip A 



1. I™ (l-be-v*)- 1 E 1 (ax)dx = - + -f — ln(l+^ 

Jo a P m % m V a 



1^6<1 
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2. I" (l + beP*)- l E 1 (ax)dx=--f j ^rJr- ]n ( 1 +—) b>] 

Jo P~, b m m \ a J 

f°° , x (— l) m ( 2m+V 

3. sechxE\ (ax)dx = 2 V 
Jo m = {) 



n 1+- 



- (2m+l) 

4. tanh xE x (ax)dx = L + f ^^-ln H- 
Jo a £i m \ a / 

5. In (cosh:x)£i(a:x;)ajc==^ -^ -in 2— ^ =f= In 11 += I 

J m=i \ / 

f x dr 

In 6-8, let F(p, q)=\ K g (x) — 

J 2va6 X>' 

6. f%'»-Wr« jr iE:,(ax)dz = 4(26)''F(p-l-l,p) 
Jo 

7. ( r 'V(p,blx)E,(ax)dx=b2 4 -i>F(3 -p,p) 

8. |£(A/x)£i (ax)d*=16&F(3,0) 

In 9-12, let C(p, 7) = rit^*) ^ 

J db X' 

9. f W [^(jc + 26)]^ 1 / 2 £i(ax)^=-^^r(p + |)G(p+l,p) P>~| 



10. f* -jgjj^ = E 1 ( fl ^)^=6G(l,r 

Jo V*(. 



(* + 26) 

11. | [(V^ + 264-V^) 2 P-(V^ + 26-V^) 2 P]£i(a^)^ = p(26)^ +1 G(2,p) p >0 

12. £°[*(*+2£)]-*/ 2 /*^ 
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